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Lattice regularization is used to perform chiral perturbation theory calculations in finite volume. The lattice 
spacing is chosen small enough to be irrelevant, and numerical results are obtained from simple summations. 



1. CONTEXT 

Lattice QCD simulations are necessarily per- 
formed in a finite volume though one is typically 
interested in results for infinite spacetime. The 
extrapolation introduces a systematic uncertainty 
which needs to be controlled. As the lightest par- 
ticle in the QCD spectrum, the pion has a large 
Compton wavelength and therefore plays a key 
role in these volume effects, so chiral perturba- 
tion theory is the natural tool for studying vol- 
ume dependences. After the pioneering work of 
Gasser and Leutwylerjlj, there has been a lot of 
activity on this topic. Some recent studies in the 
light meson sector can be found in Refs. |2I3I4I5| . 

Physical results do not depend on regulariza- 
tion scheme. For chiral perturbation theory in a 
finite volume, lattice regularization is numerically 
convenient because loop diagrams are finite sum- 
mations for any nonzero lattice spacing. Diver- 
gences would appear as the lattice spacing van- 
ishes, but for the volume effects studied here we 
can simply use a nonzero lattice spacing which is 
small enough to be numerically irrelevant. 

The present work uses the lattice regularized 
chiral perturbation theory Lagrangian of Ref. 6 , 
but for two flavors rather than three. Extra 0{a) 
terms could be added to the Lagrangian but they 
are irrelevant in the continuum limit, and our 
present goal is the computation of finite volume 
effects for the continuum limit. 

2. THE PION MASS 



Consider an isotropic spacetime lattice with 
Ns sites in each spatial direction 



and Nt sites in the temporal direction. The pion 
mass is obtained at the one-loop level from the 
diagrams in Fig. ^ The propagators and vertices 
are obtained from the Lagrangian of Ref. 6 in 
a straightforward manner, and loop momenta are 
summed. The resulting Green's function is 
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is the pion propagator and 
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is the lowest-order pion mass in the continuum 
limit. (We work in the isospin limit, = 
m„ = JTitj.) The momentum summations include 
fci,2.3 = 1^ with n = 1,2,3,. ..TV, and k^^^^ 
with n = 1,°2,3, ...Nf 
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Figure 1. One-loop Feynman diagrams for the pion mass. 
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The pion mass is obtained by solving F = for 
ip4 with p — 0. The result is 
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Having simply written down the pion mass in 
terms of Feynman vertices and propagators, we 
can now do the summation numerically to ob- 
tain the pion mass. The numerical values of the 
parameters x.^ and will depend sensitively on 
lattice spacing since they must absorb terms that 
diverge as a ^ 0. Nevertheless the computation 
is finite for any a ^ 0, and for sufficiently small a 
the observable pion mass is independent of a. 

To study spatial volume effects on a lattice of 
infinite temporal extent, we can choose Nt ^ Ns 
and compute the difference of at two different 
spatial volumes. In this computation, the Z3 term 
and the leading term and all "would-be diver- 
gences" subtract away. The resulting computa- 
tion of volume dependence is plotted in Fig. |21 
By choosing a = 0.1 fm, Nt — 5Ns and approxi- 
mating an infinite volume by Lc, = 8 fm, the nu- 
merical results are found to agree with the stan- 
dard one-loop results discussed, for example, in 
Ref. PI . FigureElalso shows the errors that would 
arise by increasing a, decreasing Nt or decreasing 
the approximation to infinite spatial length. 

It is clear from the simplicity of Eq. (jHJ that 
the computation is inexpensive. 

3. OTHER PION OBSERVABLES 

Other observables can be computed similarly. 
The Feynman diagrams for the pion decay con- 
stant and form factor are shown in Figs. |21 and 
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Figure 2. Volume effects for the pion mass. 



21 respectively, where Z denotes wave function 
renormalization and is obtained from Eq. |^ in 
the usual way. Writing down the vertices and 
propagators of Figs. 01 and 01 with a summation 
over each loop momentum leads directly to fi- 
nite expressions that can be computed numeri- 
cally. The volume dependences of the decay con- 
stant, form factor and charge radius (obtained 
by differentiating the form factor) are shown in 
Figs. El El and respectively. Results for the de- 
cay constant agree with the one-loop calculation 
of Ref. [3]. Notice that the charge radius has a 
large fractional dependence on volume since loop 
effects occur at leading order for this observable. 
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Figure 3. One- loop Feynman diagrams for the pion decay constant. 
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Figure 4. One-loop Feynman diagrams for the pion form factor. 
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Figure 5. Volume effects for the pion decay con- 
stant. 
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Figure 6. Volume effects for the pion form factor. 
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Figure 7. Volume effects for the pion charge ra- 
dius. 



